o) ¥=R, U= spon ([3]) , W = span ([?])

Both U ond W are subspaces of ¥
Now toke [&]) [?\ e UV,

Since \:3\ +[ﬂ = [:‘ ¢ UL Y,

UVY is not a subspace o)f )Y

D) LEUCH then UUY =¥ 0 ULY
1s a subspace.
S:m‘.lowlﬁ, if WU thw UWUY = U
o UUW is a subspace.

C.) Assume that U LY is a subspee of Y,
Suppose that there exicts a vector we U st
wg ¥
Let wel Them we UVW Alo uwe UvY,
Since UUY ig a Subspace, wtwe UU W,
We concluole that wtwe U or wrwe )y



d) Assume that U U)W is asubtpace of V
If WU EW then we are done.
Suppoce U & %, Then there exists @ ue

such that w ¢ ¥,
Let wedX? By O, ethr wiweU or
wtw e %

If wtwed) then u+w -w =uwe))
—_—
Since Y/ is a subSpace. This, howewer, iS a

cantcadiction bj

We must (:\ne/re,fare have that w+we W.
But then uwtw-u =weU, sine
— -
eu EU
U is a subspace. Becawuse WEW wos

arbitrary, we onclude that W SU. O

2.0 T:P =% is defined by
(TE) ) =2 p(2) +p'W.



let P.q € % and a,beR. To show:
T(ap+bq) = aT(p) + bT(q).

Write  p(x) = Co+C % +CGat
qla) = do +d, % + oy x?

where  ¢;,d; e R for i =0,,2.

T(P) = % (Cotc 2t G Jiz) t+ *C
= 3C+C % +Cont

Similoely,

T(c,) = 3dy + dy o+ do?

Now, compute T (ap +bq)

= T(a (cotciasCat) + b(dot oh')L{-dz%L))
T (aco +bdo + (ac,tbdi) + (acz +bdy)a?)
8 (@cz +bdz) + (¢ +bcli)x + (aCotbolo) 22

a (3Cz+ G+ Co) t b(3de + oy +dor®)

aT(p) + bT(q).

LU Y

\I

So Tis a linear operator.



b T() = ¢ =-=3ualten)+e(i-2+2")
T(4%) = % (1+3) = wso
- -(}-I+3'(|+?L)4‘|' (l"?-%""l")

T(i-a4) = (1 - X .;';) ¥

= 3-2% ¢+t

=@ 1 +@ (1+1) +@ (1 S +1t)
So the matrix representakion of T with cesped
to (1, 1+, |-Zoc+"x") is:

c) R maps the polynomial o to o +2,
which is not in P,. So R is nol a mapping
from B to itself and therefore not a linear
operotor on P,

S(%) =4, while S(at+n?) =32,
So S(xt+at) F SO¢) + S(x2)
Thus, S is net a linear eperator.



3 0) A>0 meons that x'Aax >0 Jor all nonzer
vectors ae R Let ke §u2,.9nf.
Also let JGR" be an axbitrma nonzero \eckor,

o<(8) A (8) = 57y
o Ar>o.

During the lectures, we have sean that A>o
i ond only ;j all eigonvalues A,le,m N of Aw
ore Pos:k«e.

Thus, det (I\lt) = A A Ak >0,

b) A >0 implies that all ejgenvalues of A;
oL PoS:l::\le. 8M OJ’

Since the tigonvolues of

A °
P = ‘;0 a; b7 A7 by

are the wnon of the eigonvalues of A and.
@; -b; Ak >0, the eigmvalues of P are



posdive. Thus, P is positive definite.
Now, note that

I Ab
M= o l

1S nons.’njulw (it has detemnant l),
Therefore, ' weR" is nonzer, also Ma $o
IY\ add\Ean)
NT = (E‘ - 0) since A; is ngmdf{c.
biA; 1/, ‘

Honce, Sor omy nanaar> w47 A =

2K TMPNa >0, bj positive de)LfniLeness of P
£x

As such; Ain>0.

c) Assume that ook (Ak) >o for le=1,2)myN.
we wil FFOVQ that A 70 :fur le=1)2,9N) thus
A =An>0-

@ A\ = OUL{'.(AO >0 \/



@ f\ssume -H\ai A; >0 Jc(x‘some ieEI,z,...)n-&
To PVWQ: Ai-tl > 0. |

S 0
Ai-n = M [o a'—TA‘-‘b“\M'
det{Ain) = deh(M ‘) det (P)- d@*(m

hile dekp) = det(A;)- det (a; 'b‘TA';' b;)

so olek (Aw) = dek () det (a 677 bs).
\/\f\j —
>0 >0
= ot (a; b K bi) = ai-b]Kibi >0
= Aia>0 bg, (b).

ﬂ\mfm) b}j l(nd;l'tdY\ Ar>0 fOf I=1,2,0N.
Homee, A = An70-



d) | >0, ook (“;) = 2720

V1 0
dot (\3\ =1>0.
011

So A is postive definite by ().



4 o) A___F ‘zx
(8]

. ot 0
AA = 0 a tb

S0 e.-‘se/NaJuﬁ-S o} A'A ore ot+b+c* > at+b.

= 6, ={ad+d omd 6 = \|at+b
note that 6,>0 omd 6, >0, siee @,bc 0.
A corresponding. - orthogonal makrix \/ is:

\/ = (|o?>.
W%

n I
W = 6 AVI = \a4b (2)

n L [-b
w = & AV = g o

oS P

Extend WiWz to an orthenormal bagis of R
|

For axomple, choose s - —— *
\{E’fb*c—:‘- @) ( &(-a*-v)




[ b a
Def;ﬂe LL = O}L e \ a;"w Va2 4 é‘(c.‘ *l‘)l)_l \
b

i

Va+bad
J8E —
C x \ a*F+gelaeb)
\ \HB¢ o S —
c\ atabtra(e iy

B«j canstruckion, UL is o oﬂchosona\ makeix.
D‘ejlﬂl Z = o m_
0 o

then A = WZV"

b) A besl rombe- 1 approximai-idvl (S

X = U (!&%‘”& g) V7
) o

_ a O
- b 0
C o



“The olistonce of A to the Se(wf 9X%

motfices OS: romh £ 1 iS:

L(AM) = & = \‘S &b



