
 

I a 8 IR U span ol w span 9

Both M and W are subspaces of D
Now take

o 9 UUN

Since 9 i Uvb

Uvb is not a subspace of D

b If 2528 then UUD 20 so UUD

is a subspace

Similarly if 2852 then UVW U

so UuW is a subspace

c Assume that UUN is a subspace of D
Suppose that there exists a vector we NS.t

U 28

Let we 28 Then WE UUD Also WE RUN

Since UUN is a subspace Utw E NUN
We conclude that UtWEU or Ut WE 2



d Assume that U v28 is a subspace of D

If U 20 then we are done

Suppose U 20 Then there exists a UEU

such that a D
Let we 28 By c either Utwe U or

U t W E 28

If u w ED then

yd few
new

since W is a subspace This however is a

contradiction by

We must therefore have that utwe U

But then

yy u

we U since

U is a subspace Because WE 28 was

arbitrary we conclude that 28 E U IT

2 a T Pz Pz is defined by
T p a a P E p n



Let p.ge Pz and a be R To show

T apt bg a T p bT q

Write p x Co ten Ex

q x do tdin dish

where Ci die R for i 0 1,2

T p 22 cot c C2 t 26

3Gt C R t Con

Similarly
T q 3 dat d n t do m

Now compute TCap bq
T a Cote Rt Can b dot dirt dirt
T aco bdo ac tbd n ace bdc m
3 acct bdc ac tbd x acotbdo n

a 3Gt GR t Con b 3dL din done
a T p bT 9

So T is a linear operator



b T i 22 3.1 211 2 1 l 2n 22

T Ita 22 it 2 22

4 I 3 11th 1 1 2N x

T i 2 2 m 1 2

3 22 m

2 1 0 Itn 1 l 2k 22

So the matrix representation of T with respect
to 1 Itn 1 2 22 is

I

c R maps the polynomial m to 2

which is not in Pz So R is not a mapping
from Pe to itself and therefore not a linear
operator on P2
S x2 4 while S x2 m 32

So S n m S x2 S x2

Thus S is not a linear operator



 

3 a A o means that n'An so for all nonzero
vectors ne IR Let ke 112 n n

Also let yer be an arbitrary nonzero vector

oc f A Y y Any
So Ak O

During the lectures we have seen that Ah o

if and only if all eigenvalues Ai ta th of Ak
are positive

Thus det ith di ta Xk 0

b A so implies that all eigenvalues of Ai
are positive

Since the eigenvaluesof
O

p is d ai bitAibi

are the union of the eigenvalues of Ai and
ai bitA bi so the eigenvalues of P are



positive Thus P is positive definite

Now note that

M
I Ai bi
o 1

is nonsingular it has determinant 1

Therefore if ne IR is nonzero also Mn to
In addition

Mt b Ai Y since Ai is symmetric

Hence for any nonzero ne IR at Ait n
at MTP

Mapo
30 by positivedefiniteness of P

As such Hit 0

c Assume that det Au o for k 1,2 i in
We will prove that Au o for Karyn thus

A An O

A det Ai so



Assume that Ai so for some ie 1,2in n i

To prove Ait so

Ait M I ai bitibi M

det Aia det Mt det p
defy

while detp det Ail det ai bitAi bi

so det Aix det Ai det ai bitAi bi

I
dat ai bitAi bi ai bitAi bi so

Ait o by b

Therefore by induction An o for k 1,2 in

Hence A An o



d i o det 270

det i o

So A is positive definite by c



a
n E
ATA

a'tbite
o ath

so eigenvalues of ATA are a tb te a'tb

I 6 Abe and Oz Ttb
note that 6 o and a o since a b c to
A corresponding orthogonal matrix V is

v ai
V V2

u to AV Fibe E

uz k AU Feb

Extend Ui uz to an orthonormal basis of IR

For example choose as Affair Éf ar b



Define a

fam Et antaiii

Fbi

By construction U is an orthogonal matrix

Define E FITo Fb

Then A UE Vt

b A best rank I approximation is

x u raft g ut

e



The distance of A to the set of 3 2

matrices of rank s t is

d A Mi Oz Rtb


